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Recap
-

Setup "

-

We continue with normalized linear queries.

f : x
*

[0
,
13

,
f(x)= (x)

SmallDB : Given workload Q : Ef
. . .fing , use the Exp -Mech.

to find (EDP) synthetic dataset of size - lony and
22

answer all queries fi on this dataset-

Gral : max(f(x) = f(y)) =X w . p. 10.

feQ

& offline : needs to know Q in advance

⑧ computationally inefficient -



Setp : Online linear query
release

Private database X= (Xs
, ..,

Xa)EX
,
N = 12). # at t

At round t, the analyst gives a query
V

&

f+:X
+ [0 ,

13
, E(FS(i) .

The mechanism Mreleases an
answer at . (The next query fe+ many

depend on previous answersdt , at-11-- ,Ms)

Good : for a stream of of
most queries

:

& DP and Pr[max (dt-f+ (x)) <32] 35-6 .

t[k

Hypothesis distribution
Our mechanism M will maintain a public distribution heD(X) -

S

Co , 17 For query f , define f(h) = [f(a) · (a) .

" · Is represents a synthetic
database

deX

· s is the update counter ,t is the rounds counter .



Recoll : (Numeric) Sparse Vector Technique

Input : Adaptive stream
of at most l=2k queries g , each of sensitivity.

Threshold T = 2 d

Cap a on number of
"YES's (accompanied by numeric outputs)

privacy budget E .

Output : for eachg
: either NO , or ESn and a numericvale.

It shops aftera YES"s -

Guarantees : O E-DP

① There is a universal constant
C such that if

Clog
Then w . p . 1-0

,
simultaneously for every processed query :

· If output NO,, then g(x) <ec
+E
2

· If output "YESs , then g(x), 2x-E and IE-g()/



Recoll : (Numeric) Sparse Vector Technique

(Numeric) Sparse Vector Technique
What if we want to find a above-threshold values ?

Sparse (X ,
(fis

,
7

, 480)
1. Set count = 0

2
. Draw To = T + Lep()

3
.

For each i = 1
,
2
, ...

Draw
virhap (4)

= fix/tvi > Ycrnt :

output diyts and countr
, output Ei = f(x) + Zi

, zivlap()
- count= c

,
half

.

Otherwise draw
count = T + Lap (%) - Fresh noise

Otherwise output di = No and continue.

Remarks
&

· Numeric Sparse Vector is E = (c . 20 + c . Eo)-DP by basic composition

so I have to set E=

· We defined
it for queries of sensitivity

1
, but works for any bound D .

(in our case today D =1)
·Stateful algorithm .



Today's algorithm : Private Multiplicative Weights

Uses Numericsparse ,
based on Multiplicative Weight Updates.

PMW
-

Set c =1t .
Initialize liex , counter 5

For each incoming query
fr
,
t =1, ... .,K

:

#If S=C
,
halt

2.Set bt = f+ (h) creates a Numericsparse
I instance-and maintains

3. Submit query gift = fill-be to NumericSparse ,
its state .

If it returns E
,
set Ve= bt +E

otherwise submit query gi)) = bt-ft) . ) to NumericSparse .

If it returns E
, Set Vt = bt-E.

4. If both responses are "NO
, release de-bt and leave hs unchanged.5

5If a numeric response occured, release ot =vt and update
u
*

= MWU(e
, fe , vt) ,

s = St.

&
subroutine TBD



Privacy Guarantee of PMW

Thm . PMW is E-DP.

Proof Sketch : Observe that only NumericSparse has access to the datasetX !

In every round we submit out most 2 queries (g , gi) , so &K total.

sensitivity of gt , g- is at most DA+= /n.

In every round , it returns at most 1 numeric value -> if so ,we update set

-> we half when s=c = returns at most 8 values in total.

By its guarantees , it's E-DP .
All else is post-processing-



Accuracy guarantee of PMW
Th. Assume C. logc =1 from Numericpara

Then for every XEX" and every adaptive stream of at most 1

queries , w .p . 5-0 , PMW answers all k queries and

max(f+ (x) - d+1139 .

te[k]

Proof strategy
⑭on MW.

- if no update ,
bt = ft(hs) is accurate 3 By Numericsparse.

- if - update, the released vt is accurate.
- Each update gives a "valid, MW correction.

3by- MW has at most N valid corrections. MW.

- The cap c = 1+N is not exhausted and every quey is answered.



Updaterule

MWUy (h , F , v)

Input. distribution h , query F
: X-Co

,
1, approximate answer v , learning rate yep.

5. Choose cost function r(d) =
f(a)

,
v < F(h)

,
deS

2. Reweight and normalize :

E
1 - A(a) , v > f() .

)=
a

where z = [h(b) - e
- yr(b)

bEX

3. Output
new

#MW
= 1kn .

Initialize lica Nex , counters↓&

For each incoming query
fr
,
t = 1, ... .,K

:

#If S=C
,
halt

2.Set bt = f+ (h)

3. Submit query gift = fil . l-be to NumericSparse .

If it returns E
,
set Ve= bt +E

Otherwise submit query 51) = bt-ft) . ) to NumericSparse .

t

If it returns E
, Set Vt = bt-E.

4. If both responses are "NO
, release de-bt and leave hs unchanged.5

5If a numeric response occured, release ot =vt and update
u
*

= MWU(e
, fe, vt) ,

s = St.


