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T public .

Setup Dataset D 1 F1 (D) >,T ?
-

I <

· Queries (public) T
& = No

iI ->

fz(D)37?
fi : x"-> R

!
&

- az = NO

&fi = max (fi(x)-fi(x )l = 3
.

->

X-XI

Ines
They arive sequentially and may be chosen adaptively .

* e.g. Analyst want to test hypo-
·
Public threshold T theses on data until theyfind

onewith good p-value .

· Output : stream of s .t . Di ESNO
,Yess'/YES means "the query is approx.

above T ,).



Threshold(X
, T ,

E
, [fi3) ·

S . Draw F =T + 1 where yulap (2)

2 . For i=1
,
2, ...

vivlap()
& fi(x) +viz Y

,
returt =yes and stop .

Otherwise return ai =NO and continue.



·Privacy Above Threshold is 2-DP
·

-> Does not require max #iterations

to be bounded !

sketch:

Fix neighboring XuX'
.
Fix the analyst's random coins and a transcript

a = (No ,
No

,
No, ..., Yes

--

k - 1

Then the analyst submits the same functions As
, ..., Fk ·

Condition
on Arbitrary values Va

, ...,V .

Define
&

=

max(fi(x) +vi
gx1

= max (fi(x(+vi)
·

ick

Trascript & occurs : when

Cunder input x) *f(x)
+V

Note : sensitivity of g is 1gx-gx11 = 1 .



let Pb(z)= e-1/6 denote the density of Lap (b).

let p, (t)
= Lap (T= ) = Pala (t-T) be the density of T

.

let Po(vl = Pylg(r), be the density of UK
Then :

Pr[AC) =allvil
Pr[gxf(x+

=>JP+ () -PaN Adgx <t < faki+-
.

d+dr . (s) .

= want to relate (1)&Define Dg = gx
-

gx , De = fr(x)- f(x) .

tothesame interai hthe

ou o
.Note :

1Dg()1
,
IDFIE

Make change of variables +=+q, v = v++ + Dg ()
· gx(tEgx<t ·t * fi(xi + v (z) = - fx(x) + vi



Proof
↑

&

(
f(z(x) +v) = fx(x) + + De + Dg = ((X) + v + fu(x)-(x) + Dg

I
K

= fr(x) +V +Dg(x)

fr(x) +vict fx(x) + v + /gz-(fu(x) +v =z .
0

Substitute (2) in (1) :

() = ()p+ (t - Ag) - pa(v)-Dg -Dt) - A(gx<t - fix(xi+viz dedr -

fact . Pp(z-s) = els//b · PD(z)
.

lag)
·

p+ (t
- Dy) = Pae(t -Ag) = g(xy1/48 ·p()p

· Pq(v-Ag-De) et . Palv = e*2 . Dual') . Proven similarlyw

12
Combine

ineg . (s) with $) :

1) = /]e42 - P+
(t) - e . Pa(v) .138x1 < +< En(x1) +v13 dEdr

=> e . Pr[A()=/[vii] . . Integrate over V, .., UK ,
and oS



nitionof accuracy guarantees· (A)

For a fixed prefix ofk queries ,
I wanti

di = Yes as fi(x), T - X

ai =Noafi(x) <T+x

Additionally , it fix) <T-d for every ick ,
do not stop before

reaching K .

Accuracy : AboveThreshold satisfies the accuracy guarantee with
mild dependence oniterations
&

c=- (logk+ log) ·

w .D .
1-8.

Proof sketch :

-

let event E = [In EcMax Nik .

Under E : di =ItseFixitri
it[k]

· fi(x) + vi 37 +yes fi(y) -T
, y -Vix -E - E =xfi(x), T- x

.

Similarly for ai = No
. Trivially ,

also AboreThreshold does not half before if fix 27

ViE[k-1]

Pr[E] = Pr[m/] + k .PrSIVil3]e-29/4 +Ke-34818 by the choice ofa.



Sparse Vector Technique

What if we want to finda above-threshold values ?

Sparse (X ,
(fis

,
7

, 480)
1. Set count = 0

2
. Draw To = T + Lep()

3
.

For each i = 1
,
2
, ...

Draw
vi-hop ( *d)

= fix/tvi > Ycrnt :

output diyts and count ++

- count= c
,
half

.

Otherwise draw
count = T + Lap (% ) - Fresh noise

Otherwise output ai = NO and continue.



Fivecy: Notice that sparse is an adaptive composition of a
independent calls (no shared randomness) to Above Threshold. So it's

E-DP if Es=
" 3(9

,
5)-DP if =

& Again privacy depends
on C.

Accuracy
-

AssumeLik : Fi(x)T- x3) =c .
Then all outputs di for

2 : Fi(x)37-a satisfy the accuracy guarantee (A) with

% =

S logklog(ace), if-

clogblo(logk+ loglace) ,
it o

w.p .

5-0.



marks:

· If we want to release theoues of some of the queries privately ,
we need to do this with

fresh noise fi/* Zi
, Ziwlap (190) and account for it by composition. Abovethreshold relies on

Cicitvil's not being released for its privacy guarante
! So we can't release these directly -

· If all fi = f
,
Abovethreshold can be seen as a randomized post processing of Y = f(x) -y

=

f(x) + (ap(2/3) which is 18/23-DP .

· In the context of selection ,
think of fi(x) = q(yi ,x) as a score function

of Candidate Yi .

The Exp -

Mech .
and Report-Noisy-max pick best Yi among K

options with accuracy 20PT = 0(1) · AboveThreshold does the same
in the online setting where each next y is chosen adaptively.With the
careat that it assumes knowledge of TEOPT in this case) .

· Recent work with sparses, flavor : Cohen-Lyu' 23 .

Target charging Technique for privacy analysis
across interactive computations .


