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Accuracy guarantee of PMW
Th. Assume C. logc =1 from Numericpara

Then for every XEX" and every adaptive stream of at most 1

queries , w .p . 5-0 , PMW answers all k queries and

max(f+ (x) - d+1139 .

te[k]

Proof strategy
⑭on MW.

- if no update ,
bt = ft(hs) is accurate 3 By Numericsparse.

- if - update, the released vt is accurate.
- Each update gives a "valid, MW correction.

3by- MW has at most N valid corrections. MW.

- The cap c = 1+N is not exhausted and every quey is answered.



Updaterule

MWUy (h , F , v) = f(x)

Input. distribution h , query F
: X-Co

,
1, approximate answer v , learning rate yep.

5. Choose cost function r(d) =
f(a)

,
v < F(h)

,
deS

fix-10
, 13. . Lang

2. Reweight and normalize :

E
1 - A(a) , v > f() .

57 f(h) > f(px)
h puts a lot of mass

)=
a

where z = [h(b) - e
- yr(b) on pointsAE : F(al =13

bEX ↓ (a) = E!

3. Output
new

#MW
= 1kn .

Initialize lica Nex , counters*

-
- For each incoming query

fr
,
t = 1, ... -,K

:

Empirical distribution #If S=C
,
halt

Px(a)= :xi =ab) 2.Set bt = f+ (h)

t

3. Submit query gtf) = fil . l-be to NumericSparse.
If it returns E

,
set Ve= bt +E

for every avery fixe 20, 1]
: Otherwise submit query 51) = bt-ft) . ) to NumericSparse .

If it returns E
, Set Vt = bt-E I

· f(x) = i ff(xi)=Px(a-fl
4. If both responses are "NO

, release de-bt and leave hs unchanged.
Il

5

5If a numeric response occured, release ot =vt and updatef(px) ·(e) = Exhal-f(a) ·

u
*

= MWU(e
, fe, vt) ,

s = St.



AccuracyAnalysis

lamma 1
. (rors imply cost)

Suppose If(h)-f(px)1> < ,
and Iv-A(px)l = X/2 .

For the cost function chosen if MWU :

~ (h) - r(px) = (f(a) - f(px)) > a
↑ Y

[h(a) · r(a) ·Px(al-r(a) .

aeX

otskec<f(x) + C
, then - = + f(x)(x + f(px)(f() .

so r= f
.

So real-r(px) = f(al-f(px)]d
- If f(px] > f(h) ++, . . .

.

&
V= I-f



Potential Function-
Px(a)For a current emypothesis & , 4=L(px(19) = [Pxcalog - I

fla)
deXi

Pxlako

Fact Ys30--

Fact 2. Yo = KL(px11li) = [Pxal-logN ·

Px(a)).- logN .

-

d : Px(ako

Lemma 2
.

(one step progress)
Forany MWU Using cost function i : Xe[0 ,

1) and learning rateef,

Ys = Ys+= z
,
(r(h) - r(px) -42



fsketch : Es = Escal-e-trial
,
Cal=deX

↑s- Ps+ = k)(px((h)) - kL(px(1st) eta)

=Pd)
· (log-log)a logta

= [PX(a) · logz = Spx(a) · (-yrca) - Epxcal (logz)d : (a)o dipx(ako
dipx(ako

= - yr(px) - log(zs) : 1 -

Use e-"11-u + U2 for ut [OpB].

Es = Sh(a)e-y)(a)(1 - ya +y
= 1 - yzh(d) - (a) + y
= 1 - yr(a) +y



=4s - PSHz - yr(px) - logzs
> - yr(px) - log(1 -m+yz) - /logz-x-
> - yv(x) - ( - yr(h) + yz)
=

y(r() - r(px)) - y2 D

Brem1. 1 : uniform . Apply PNW with
y
= /2

. Suppose every update
uses query of satisfying 17(99)-Apaka , Iv-EcplE/.
Then the number of updates is

mon
Proof sketch:
-

Lemma 1 +2 er(h)) - r(px) >X .

and Ps -4s+ <ya
-

yz=(
Sum 1) over s = 0 ...m-: OKTm = Po-malogn-ma
M3N *



let Good Event E : all NumericSparse guarantees hold.

Pr[EJ1-0.

Lemo 3
.
Condition on E

. Every numeric response in PMW satisfies
&

the assumptions of Theorem 1 above.

#roof. If a numeric response occurs then g(x)3 (by Numeric

-

sparse guarantees) .
For positive test : g

+ (x) = f(px) - bt .

So g
+(x) >xH(px) - fees/ .

Also
,
PMW returns vt = b++E-

Thus
, lvt- Ex(pul = (bt + E - f+ (px)) = (E -g+ (x)) = a/2 .

5 both Ift(PX-ft(h/k>< and IVt-f+ (px)) ** /2 are satisfied .

Similarly for negative tests. #



Putting the Accuracy guarantee together.

Condition on E
.

for any round to

· Je both tests return "NOn
,
NumericSparse guarantees that for be felt,

f + (px) - b+ [T+ /2 = 2x +43c and bt - ft(px)434

So
Ift(px) - bal = 51 and the response debt

has ldt-fx13d.

·If a numeric response occurs,PMW returnsat = vt and by Luna 3

1vt-f(x)) < 4/23x .

·

PMW does not half .
If it did

,
it would have made a updates,

So it would have received < responses. On event S
, by leve 3,

all of these queries would have satisfied theconditions of Theorems .

But Theorem 1 says there can be of most <Cupstates. Contradiction .

Since w . p .

1-6
, event & holds

,
the Accuracy Guarantee follows.

Remark : D

Translating the theoreminto sample complexity : 12 log) sufficesfor accuracy.


